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INFINITY HARMONIC FUNCTIONS OVER EXTERIOR
DOMAINS
GUANGHAO HONG · YIZHEN ZHAO
Abstract. In this paper, we study the infinity harmonic functions with lin-
ear growth rate at infinity defined on exterior domains. We show that such
functions must be asymptotic to planes or cones at infinity. We also establish
the solvability of Dirichlet problems for exterior domains.
1. Introduction
Let Ω ⊂ Rn be an open set, an infinity harmonic function (IHF) u ∈ C(Ω) is a
viscosity solution of the infinity Laplace equation
△∞u :=
∑
i,j
uxiuxjuxixj = 0.
An extremely important characteristic property of infinity harmonic functions is
the comparison with cones property (CCP): ∀ V ⊂⊂ Ω and c(x) = a|x− x0|+ b
c(x) ≥ u(x) on ∂(V \{x0}) ⇒ c(x) ≥ u(x) in V ;
c(x) ≤ u(x) on ∂(V \{x0}) ⇒ c(x) ≤ u(x) in V.
We refer the readers to [ACJ04][C08][W09][L16] for comprehensive expositions of
this topic.
In this paper, we focus on the infinity harmonic functions over exterior domains.
Let A ⊂ Rn be a bounded closed set. For simplicity, we assume 0 ∈ A ⊂ B1. Let
Ω := Ac = Rn\A and u ∈ C(Ω¯) be an IHF satisfying lim sup
x→∞
|u(x)|
|x| < +∞. Denote
m+ := max
∂Ω
u and m− := min
∂Ω
u. For r > 1, we define
S+r :=
max(max
∂Br
u,m+)−m+
r
and S−r :=
m− −min(min
∂Br
u,m−)
r
.
By CCP, both S+r and S
−
r are nondecreasing with respect to r. We define S
±
∞ :=
lim
r→∞
S±r and S∞ := max(S
+
∞, S
−
∞). It is not difficult to see that
S∞ = lim sup
x→∞
|u(x)|
|x|
< +∞
and
m− − S−∞|x| ≤ u(x) ≤ m
+ + S+∞|x| in Ω.
The main results of this paper are the following two theorems. The first one give
a description of the asymptotic behavior at infinity of an exterior IHF with linear
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growth rate. The second one says that given the prescribed asymptotic behaviors
there exist such IHFs.
Theorem 1. Let u be as above, then exact one of the four situations happens.
(i) S∞ = 0, m
− ≤ u(x) ≤ m+ in Ω;
(ii) S−∞ < S
+
∞, u(x)− S
+
∞|x| attains its maximum and minimum on ∂Ω;
(iii) S−∞ > S
+
∞, u(x) + S
−
∞|x| attains its maximum and minimum on ∂Ω;
(iv) S−∞ = S
+
∞ > 0, there exists a ∈ R
n with |a| = S∞ such that
u(x) = a · x+ o(|x|) as x→∞.
The proofs of (ii) and (iii) of Theorem 1 rely on a key result in [SWY08]. The
proof of (iv) is the real contribution of this paper. The proof is divided into two
steps. The first step is to show the blow downs of u are linear functions. This can be
done in the same way of proving blow ups are linear. The method is standard now.
The second step is to show the uniqueness of the blow downs. This was a challenging
task for us. In [HZ18], we verified the uniqueness of the blow downs for the entire
IHFs with linear growth rate by a similar argument from [ES11]. However, this
argument cannot be carried to the case of exterior IHFs. The solution we finally
found was that we can manage to place an entire IHF either below or above the
exterior IHF. This implies the uniqueness of the blow downs for the exterior IHF
u clearly. We also used this idea in [HY18].
Theorem 2. Given any g ∈ C(∂Ω), we have the following.
(i) For any λ ∈ R, there exists an IHF u ∈ C(Ω¯) satisfying u|∂Ω = g and
u(x) − λ|x| attains its maximum and minimum on ∂Ω. In the case of λ = 0 such
u is unique.
(ii) For any a ∈ Rn with |a| > 0, there exists an IHF u ∈ C(Ω¯) satisfying
u|∂Ω = g and u(x)− a · x attains its maximum and minimum on ∂Ω.
The paper is organized as follows. In Section 2, we state and prove some prelimi-
nary results. In Sections 3 and 4, we prove Theorems 1 and 2 separately. In section
5, we analyze an interesting counterexample from [SWY08] in order to show that
given g and a the IHFs satisfying u|∂Ω = g and u(x) = a · x+ o(|x|) as x→∞ are
not unique in general. Until now it is not clear for us whether the solutions in (i)
(in the case of λ 6= 0 ) and (ii) of Theorem 2 are unique.
2. Preliminaries
Proposition 1. Let u be given as in Theorem 1, then lim
r→∞
Lip(u,Bcr) = S∞.
Proof. We first prove S∞ ≤ lim
r→∞
Lip(u,Bcr). Suppose lim
r→∞
Lip(u,Bcr) = L < +∞.
Given ǫ > 0, there exists Rǫ > 0 satisfying Lip(u,B
c
r) ≤ L + ǫ for r ≥ Rǫ. Choose
a point x0 ∈ ∂BRǫ , then
|u(x)|
|x|
≤
|u(x)− u(x0)|
|x− x0|
|x− x0|
|x|
+
|u(x0)|
|x|
.
Letting x→∞, it follows that
S∞ = lim sup
x→∞
|u(x)|
|x|
≤ L+ ǫ.
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Now we prove lim
r→∞
Lip(u,Bcr) ≤ S∞. Given ǫ > 0, there exists Rǫ > 0 satisfying
S∞R+m
+ −m−
R− 1
≤ S∞ + ǫ for R ≥ Rǫ.
We will show that Lip(u,BcRǫ) ≤ S∞ + ǫ. Given any two point y, z ∈ B
c
Rǫ
, there
exists sufficiently large R > max(|y|, |z|) satisfying
|u(x) − u(y)|
|x− y|
≤
|u(x)|
|x|
|x|
|x− y|
+
|u(y)|
|x− y|
≤ S∞ + ǫ
for all x ∈ ∂BR. On the other hand,
|u(x)− u(y)|
|x− y|
≤
S∞|y|+m
+ −m−
|y| − 1
≤ S∞ + ǫ
for all x ∈ ∂B1. That is to say,
|u(x)− u(y)| ≤ (S∞ + ǫ)|x− y|
for all x ∈ ∂(BR\B1). By CCP, we have
|u(x)− u(y)| ≤ (S∞ + ǫ)|x− y|
for all x ∈ BR\B1. Especially,
|u(z)− u(y)| ≤ (S∞ + ǫ)|z − y|.

The following theorem is the main technical result in [SWY08] (Theorem 1.3),
which will be used in our proofs of (ii) and (iii) of Theorem 1.
Theorem 3. Suppose w ∈ C(Rn) satisfies the following:
(i) Lip(w,Rn) = 1;
(ii) for some M ∈ R and ǫ > 0,
w(x) ≤M + (1− ǫ)|x| for all x ∈ Rn;
(iii) w is an infinity harmonic function in Rn\{0}.
Then
w(x) = w(0)− |x|.
The following theorem 1 is from [MWZ16] (Theorem 1.1) and [HZ18] (Theorem
2), which will be used in the proof of (iv) of Theorem 1.
Theorem 4. Let w be an IHF in Rn with Lip(w,Rn) < +∞. Then there exists
a ∈ Rn with |a| = Lip(w,Rn) such that
w(x) = a · x+ o(|x|) as x→∞.
The following theorem is from [CGW07] (Theorem 3.2), which will be used in
the proof of the uniqueness part of (i) (in the case of λ = 0) of Theorem 2.
1After the online publication of [HZ18], we learned that this result has already appeared in
[MWZ16].
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Theorem 5. Let U be unbounded and ∂U be bounded. Let u, v ∈ C(U), and
∆∞u ≥ 0, ∆∞v ≤ 0 in U . Assume also that
lim sup
x→∞
u(x)
|x|
≤ 0 and lim inf
x→∞
v(x)
|x|
≥ 0,
Then
u(x)− v(x) ≤ max
∂U
(u− v) for x ∈ U.
The following lemma is well known and very frequently used in the study of IHFs
(see, for example, [C08]).
Lemma 1. Suppose w ∈ C(Rn) satisfies:
(i) Lip(w,Rn) ≤ 1;
(ii) There is a unit vector e ∈ Rn such that
w(te) = t, ∀t ∈ R.
Then w(x) = e · x for all x ∈ Rn.
3. Proof of Theorem 1
Proof of Theorem 1. (i) is obvious. (ii) and (iii) are symmetric. So we only need
to prove (ii) and (iv).
We first prove (ii). For simplicity, we assume S+∞ = 1 and S
−
∞ = λ ∈ [0, 1).
For any sequence 1 < rk → +∞, define vk(x) :=
u(rkx)
rk
. By Proposition 1, on
any compact set K ⊂ Rn\{0}, vk(x) are uniformly bounded and equi-continuous.
Hence (up to a subsequence)
vk(x)→ V (x) locally uniformly in R
n\{0}.
It is easy to see that V (0) = 0, Lip(V,Rn) ≤ 1 (by Proposition 1), V (x) ≥ −λ|x| and
V is an IHF in Rn\{0}. For each k, there is ek ∈ ∂B1 satisfying u(rkek) = max
∂Brk
u
and hence
u(rkek)−m
+
rk
= S+rk → 1.
Up to a subsequence, ek → e. So V (e) = 1 and hence Lip(V,R
n) = 1. From
Theorem 3, V (x) = |x|.
Denote max
∂Ω
(u(x)− |x|) = c+ and min
∂Ω
(u(x)− |x|) = c−. Then
c− + |x| ≤ u(x) ≤ c+ + |x| on ∂Ω.
For any ǫ > 0, there is k¯ such that
c− + (1 − ǫ)|x| ≤ u(x) ≤ c+ + (1 + ǫ)|x| on ∂Brk
for all k ≥ k¯. By CCP,
c− + (1− ǫ)|x| ≤ u(x) ≤ c+ + (1 + ǫ)|x| in Ω.
Letting ǫ→ 0, we have
c− + |x| ≤ u(x) ≤ c+ + |x| in Ω.
Now we prove (iv). For simplicity, we assume S−∞ = S
+
∞ = 1. For any sequence
1 < rk → +∞, define vk(x) :=
u(rkx)
rk
. We still have (up to a subsequence)
vk(x)→ V (x) locally uniformly in R
n\{0}.
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It can also be verified that V (0) = 0, Lip(V,Rn) ≤ 1 and V is an IHF in Rn\{0}.
Fix a R > 1. For each k, there are e+k , e
−
k ∈ ∂B1 such that u(rkRe
+
k ) = max
∂BrkR
u
and u(rkRe
−
k ) = min
∂BrkR
u. Hence
u(rkRe
+
k )−m
+
rkR
= S+rkR → 1
and
u(rkRe
−
k )−m
−
rkR
= −S−rkR → −1.
Up to a subsequence, e+k → e
+
[R] and e
−
k → e
−
[R]. So V (Re
+
[R]) = R and V (Re
−
[R]) =
−R. Since Lip(V,Rn) ≤ 1, we have
2R = V (Re+[R])− V (Re
−
[R]) ≤ |Re
+
[R] −Re
−
[R]| ≤ 2R.
This implies −e−[R] = e
+
[R] := e[R] and we have V (te[R]) = t for t ∈ [−R,R]. In fact,
we have this for any R > 1. Choose another R˜ > 1, then
R˜+R = V (R˜e[R˜])− V (−Re[R]) ≤ |R˜e[R˜] − (−Re[R])| ≤ R˜+R.
This implies e[R˜] = e[R]. That is the vector e[R] is independent of R. We denote this
vector as e and we have V (te) = t for t ∈ (−∞,+∞). By Lemma 1, V (x) = e · x.
We have showed that the blow downs of u are linear functions with slope 1. In
order to get the conclusion of (iv) we have to show that the blow downs are unique.
For k = 2, 3, · · · , let wk be the IHFs in Bk satisfying wk = u on ∂Bk. For each
k, either max
∂Ω
(wk − u) ≥ 0 or min
∂Ω
(wk − u) ≤ 0. So either max
∂Ω
(wk − u) ≥ 0 or
min
∂Ω
(wk − u) ≤ 0 happens for infinitely many k. Let’s assume the first case (the
second case can also give the final conclusion in a similar way) and denote these k
as kj . Define
w˜kj := wkj −max
∂Ω
(wkj − u),
then w˜kj ≤ u on ∂(Bkj ∩Ω) (implying w˜kj ≤ u in Bkj ∩Ω by comparison principle)
and w˜kj (ykj ) = u(ykj ) for some point ykj ∈ ∂Ω. Note that
Lip(w˜kj , Bkj ) = Lip(w˜kj , ∂Bkj ) = Lip(u, ∂Bkj) ≤ Lip(u,B
c
kj
)→ 1.
So we have |w˜kj (0)| ≤ max(|m
+|, |m−|) + 2 for all large kj . By Ascoli-Arzela’s
theorem, we have (up to a subsequence)
w˜kj →W in R
n locally uniformly.
Here W is an IHF in Rn satisfying Lip(W,Rn) ≤ 1 and W ≤ u in Ω. By Theorem
4,
W (x) = a · x+ o(|x|) as x→∞
for some a ∈ Rn with |a| = Lip(W,Rn).
The fact u ≥W in Ω implies that any blow down of u
V (x) = e · x ≥ a · x.
So e = a (implying |a| = 1) and V (x) = a · x. 
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4. Proof of Theorem 2
Proof of Theorem 2. We first prove (i). Let g ∈ C(∂Ω) and λ ∈ R are given.
Denote max
∂Ω
(g(x)− λ|x|) = c+ and min
∂Ω
(g(x)− λ|x|) = c−. For k = 2, 3, · · · , let uk
be the IHF in Bk ∩ Ω satisfying uk = c
+ + λ|x| on ∂Bk and uk = g on ∂Ω. By
CCP, one can verify that on any compact set K ⊂⊂ Ω, Lip(uk,K) ≤ C(g, λ,K)
and ‖uk‖L∞(K) ≤ C(g, λ,K) for all large k. Therefore by Ascoli-Arzela’s theorem,
up to a subsequence, we have
uk → u locally uniformly in Ω.
The function u is an IHF in Ω satisfying u = g on ∂Ω. By comparison principle,
we know that
c− + λ|x| ≤ u(x) ≤ c+ + λ|x| in Ω.
In case of λ = 0, the uniqueness of solution u follows from Theorem 5 directly.
The proof of (ii) is same with (i). We just need to replace λ|x| with a ·x in every
steps of the above process.

5. Counterexamples
In [SWY08], the authors constructed an IHF U(x) in Rn\{0}. The function U
satisfies the following properties: Lip(U,Rn) = 1, U(ten) = t for t ∈ (−∞, 0] and
U(en) = 0. Hence U is neither linear nor a cone. We refer the readers to the
original paper [SWY08] (Page 4) for the construction of U . Using the established
results in this paper, we can get the following new fact on U .
Proposition 2. U(x) = en · x+ o(|x|) as x→∞.
Proof. By Theorem 1 (in this case Ω = Rn\{0}), U is asymptotic to a plane or
a cone at infinity. If U is asymptotic to a cone, this cone can only be −|x| since
U(ten) = t for t ≤ 0. By (iii) of Theorem 1, U(x) = −|x|. This is impossible since
U(en) = 0. So U is asymptotic to a plane and this plane has slope less than or
equal to 1 since Lip(U,Rn) = 1. Thus this plane can only be en ·x since U(ten) = t
for t ≤ 0. 
We can use this function U to show that given g and a the IHFs satisfying
u|∂Ω = g and u(x) = a · x+ o(|x|) as x→∞ are not unique in general.
Example 1. For the exterior domain Ω = Rn\{0}, given g = 0 on ∂Ω = {0} and
a = en, both the two functions U(x) and V (x) = V (x
′, xn) := −U(x
′,−xn) satisfy
u|∂Ω = g and u(x) = a · x+ o(|x|) as x→∞.
Example 2. For the exterior domain Ω = Rn\{0, en}, given g = 0 on ∂Ω = {0, en}
and a = en, both the two functions U(x) and V˜ (x) = V (x − en) = −U(x
′, 1 − xn)
satisfy u|∂Ω = g and u(x) = a · x+ o(|x|) as x→∞.
We can also use this function U to illustrate a problem. From the construction
(see [SWY08] Page 4), we know U(x) ≤ en · x, but U(x) ≥ en ·x− 1 does not hold.
That is, considering U as an exterior IHF in Ω = Rn\{0, en}, U(x)− en ·x does not
attain its minimum on ∂Ω. This illustrates that the conclusion “u(x) = a ·x+o(|x|)
as x→∞” in (iv) of Theorem 1 can not be improved to that “u(x)− a · x attains
its maximum and minimum on ∂Ω”.
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Finally, the following questions are interesting for us but so far we do not know
the answers.
Question 1. Is U − en ·x bounded below? If U − en ·x is not bounded, how big can
this asymptotic error term o(|x|) be?
Question 2. Are the solutions in (i) (in the case of λ 6= 0 ) and (ii) of Theorem
2 unique?
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